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Chapter 0

Introduction to Fixed Point Theory
0.1 Introduction

Definitions 0.1:
Suppose X is a non empty set. A mapping T: X — X is called a self map of X. If there is an

element x € Xsuchthat Tx = x, then x is called a fixed point of the self map T of X.
Definition 0.2 :

A topological space X is said to be a fixed point space if every continuous map of X into itself

has a fixed point.
Definition 0.3 :

Let (X,d) be a complete metric space and T : X — X . Then T is said to be contraction
mapping if forall x,ye X, d(Tx,Ty)<kd(x,y) ... (03.1)
where 0<k<1.
It is easy to see that the contraction mapping principle, any mapping T satisfying ( 0.3.1 ) will have a
unique fixed point.
Definition 0.4 :
A metric on a non empty set X is a function (called the distance function or simply distance)
d: X x X — R (where R is the set of real numbers). For all x, y, z in X, this function is required to
satisfy the following conditions:
1. d(x,y)>0 (non-negativity)
2. dx,y)=0 ifandonlyif x=y
3. d(x,y)=d(y,x) (symmetry)
4. d(x,2)<d(x,y) +d(y,z) (subadditivity / triangle inequality).

The first condition is implied by the others.
Definition 0.5 : (Huang, Xian ,[14] ) LetE be a real Banach space and P a subset of E. P is

called a cone if
0] P is closed, non-empty and P # { 0 }

(i) ax + by € P V x,y € P and non-negative real numbers aand b.
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(iii) P n (-P) = {0}.

Definition 0.6 : (Huang, Xian ,[14])

E is a real Banach space, P is a cone in E with int P # @ and < is the partial ordering with
respect to P. Let X be a non-empty set and d: X x X — P a mapping such that.

(di) 0<d(x,y)forall x,y € X (non - negativity)

(d2) d(x,y)=0ifandonlyif x = y.

(d3) d(x,y) = d(y,x)forall x,y € X (symmetry)

(dg) d(x,y) < d(x,z) + d(zy)forall x,y,z € X (triangle inequality)

Then d is called a cone-metric on X and (X, d) is called a cone metric space.

Definition 0.9 (Lakzian, Arabyani [19], Definition 2.4) :

Let (X,d) be a cone metric space . Then a mappingp : X x X — E is called
w - distance on X, if the following are satisfied :
@ 0<p(x,y) forallx,yeX
(b) p(x,2)<px,y) +p(y,z) forallx,y,ze X
(¢) p(x,.)— Eis lower semi-continuous for all x € X.
(d) For any 0 << a, there exists 0 << B such that p(z, X) << and p(z, y) << B imply d (X, y) <<
o where a, B € E.

Fixed point theorems provide conditions under which maps (single or multivalued)
have solutions. The theory itself is a beautiful mixture of analysis, topology, and geometry. Over the
last 100 years or so the theory of fixed points has been revealed as a very powerful and important tool
in the study of nonlinear phenomena. In particular fixed point techniques have been applied in such
diverse fields as biology, chemistry, economics, engineering, game theory and physics. Fixed point
theory plays an important role in functional analysis, approximation theory, differential equations and
applications such as boundary value problems etc.( Definition 0.1)

Fixed point theory broadly speaking demonstrates the existence, uniqueness and
construction of fixed points of a function or a family of functions under diverse assumptions about
the structure of the domain X (such as X may be a metric space or normed linear space or a
topological space) of the concerned functions.

The methods of the theory vary over almost all mathematical techniques. There are many
works entirely devoted to fixed point theory such as [33],[35],[7]



Brouwer [7] published his fixed point theorem in 1911 for finite dimensional spaces,
now known as Brouwer fixed point theorem. Brouwer was elected to the Royal Academy of Sciences
in 1912 and in the same year, was appointed extraordinary professor of set theory, function theory and
axiomatic at University of Amsterdam; held the post until he retired in 1951
( Definition 0.2).

In 1910, Brouwer proved that the closed unit ball of R" is a fixed point space. Perhaps the
most important result in fixed point theory is the famous theorem of Brouwer.

In 1930, Schauder [32] extended the result to arbitrary Banach spaces (i.e. to Banach
Spaces which do not necessarily admit a basis) . In the context of Banach and Schauder’s theorems,
they have led to a number of interesting results as well as new techniques for further application.

Banach founded modern functional analysis and made major contributions to the theory
of topological vector spaces. In addition , he contributed to measure theory, integration, the theory of
sets and orthogonal series. In his dissertation, written in 1920, he defined axiomatically what today is
called a Banach space. Banach’s fixed point theorem has many applications in solving non-linear
equations, but suffers from one drawback that the contraction condition forces T to be continuous on
X.

The famous Banach Contraction Principle states that every contraction in a complete
metric space has a unique fixed point. It has two core hypotheses: completeness and contractivity.
Both notions depend on the definition of the underlying metric. Much recent work has focused on the
extension of the notion of metric spaces and the related notion of contractivity.

In past few decades study of fixed point theory is one of the most interesting fields to
researchers. In this direction Banach contraction mapping principle is one of the most interesting
result (Definition 0.3)

The concept of a metric space was introduced in 1906 by Frechet [13] which furnishes
the common idealization of a large number of mathematical, physical and other scientific constructs in
which the notion of a “distance” appears. The objects under consideration may be most varied. They
may be points, functions, sets and even the subjective experiences of sensations. What matters is the
possibility of associating a non negative real number with each ordered pair of elements of certain set,
and that the number associated with pairs and triples of such elements satisfies certain conditions.

A metric or distance function is a function which defines a distance between elements

of a set. A set with a metric is called a metric space. A metric induces a topology on a set but not all



topologies can be generated by a metric. When a topological space has a topology that can be

described by a metric, we say that the topological space is metrizable (Definition 0.4).

Fixed Point Theory in Cone Metric Spaces : One extension of metric spaces is the so called
cone metric space. In cone metric spaces, the metric is no longer a positive number but a vector, in
general an element of a Banach space equipped with a cone.

In 1906, the French mathematician Maurice Frechet [8, 13] introduced the concept of
metric spaces, although the name “metric” is due to Hausdorff [8, 12]. In 1934, Duro Kurepa[18§],
proposed metric spaces in which an ordered vector space is used as the codomain of a metric instead
of the set of real numbers. In literature Metric Spaces with Vector Valued Metrics are known under
various names such as Pseudo Metric Spaces , K-Metric Spaces, Generalized Metric Spaces, Cone-
Valued Metric Spaces, Cone Metric Spaces , Abstract Metric Spaces and Vector Valued Metric
Spaces. Fixed point theory in K-metric spaces was developed by Perov in 1964 [28, 29].

In 2007 , Huang, Xian [14] suggested the notion of a cone metric space and
established some fixed point theorems in cone metric spaces, an ambient space which is obtained by
replacing the real axis in the definition of the distance, by an ordered real Banach space whose order
is induced by a normal cone P ( Definition 0.5 & 0.6)

Huang , Xian [14] proved some fixed point theorems of contractive mappings , which
generalize the existing results in metric spaces such as Banach [5] , Kannan [16] etc.

In 2008, Rezapour and Hamlbarani [31] , proved that there are no normal cones with
normal constant M < 1. Further , in [31] it was shown that for k > 1 there are cones with normal
constant M > k . An example of a non normal cone is given in [31]. Further , Rezapour and
Hamlbarani [31] obtained generalizations of the results of Huang, Xian [14] (Theorems 1.19,1.21
and 1.22) by removing the assumption of normality of the cone.

In 2008, Abbas and Jungck [1] derived several coincidence and common fixed point
theorems for mappings defined on a cone metric space.

In 2009, Arshad, Azam and Vetro [25] established some results on points of
coincidence and common fixed points for three self mappings and these observations generalized the
results of Abbas and Jungck [1] ( Theorem 1.37)

Azam and Arshad [4] have further improved theorems of Abbas and Jungck [1]
(Theorem 1.37) and Huang, Xian [14] (Theorems 1.19, 1.21, 1.22, 1.23)



In 2010, Berinde [36], derived coincidence and common fixed point theorems,
similar to those in Abbas and Jungck [1] (Theorem 1.37) , but for a more general class of almost
contractions.

In 2011, Olaleru [ 15] , extended the results of Arshad, Azam and Vetro [23]
(Lemmal.43,Proposition1.44 ,Theorem 1.45 , Theorem 1.46 )

In 2011, Mehta and Joshi [ 20], generalized the result of Abbas and Jungck [2] (
Theorem 1.37)

In 2010, Abbas, Rhoades, Nazir [26] , extended the results of Berinde [36] (
Theorem 1.55) . They have proved the existence of coincidence points and common fixed points for
four mappings satisfying generalized contractive conditions without exploiting the notion of
continuity of any map involved therein, in a cone metric space.

In 2010, Amit Singh , Dimri and Bhatt [3] proved a unique common fixed point
theorem for four maps using the notion of weak compatibility without using the notion of continuity
which generalized and extended the results of Abbas and Rhoades [2].

Fixed Point Theory of Multifuctions in Cone Metric Spaces :

In 2010, Dimri, Amit Singh and Bhatt [11] , proved common fixed point
theorems for two multivalued maps in cone metric spaces with normal constant M =1 which
generalized and extended the results of Rezapour [30] .

In 2011, Dhanorkar and Salunke [9] generalized the results of Rezapour [30]
about common fixed points of two multifunctions on cone metric spaces with normal constant
M=1
Fixed Point Theory of T — Contractive Mappings in Cone Metric Spaces :

In 2008, Morales and Rojas [23] have extended the definition of a T-contractive
map to cone metric space. Morales and Rojas [23] extended the result of Guang and Zhang [14]
(Theorem 1.19 ) to T- contraction maps.

In 2009, Moradi [22] introduced the notion of T-Kannan contractive mappings in
metric spaces which extends the notion of Kannan type contractions [16].

In 2009, Morales and Rojas [24] analyzed the existence of fixed points of T-
Kannan type contractive mappings defined on a complete cone metric space (M, d). Morales and
Rojas [24] proposed the notion of T-Chatterjea Mapping. Morales and E.Rojas [24] , extended the
result ( Theorem 1.22) of Guang and Zhang [14] and Moradi [22] (Theorem 2.1) to T- Kannan
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type contraction (T Ki— Contraction). Morales and Rojas [24] , extended the result (Theorem1.23)
of Guangand Zhang [14] to T- Kannan type contraction (T K2— Contraction). In 1968 , Kannan
[16] established a fixed point theorem. In 1968 , Kannan [16] established a fixed point theorem. It is
interesting that Kannan’s theorem is independent of the Banach contraction principle . Kannan’s
fixed point theorem is very important because Subrahmanyam [34] proved that Kannan’s theorem
characterizes the metric completeness. That is, a Metric space X is complete if and only if every
Kannan mapping on X has a fixed point.

In 2009 , Branciari [6], introduced the notion of cone rectangular metric spaces by
replacing the triangular inequality of a cone metric space by a rectangular inequality and they
investigated some common fixed point theorems for different types of contractive mappings in cone
metric spaces. It is to be noted that any cone metric space is a cone rectangular metric space but the
converse is not true in general. In 2009 , Jleli and Samet [21] extended Kannan’s fixed point
theorem in a rectangular metric space.

Fixed Point Theory involving w-distance and c-distance
The notion of a metric space with w - distance was introduced in 1996 by Osama Kada,
Tomonari Suzuki and Wataru Takahashi [27].
In 2009, H. Lakzian, F.Arabyani [17] extended the above notion and introduced the notion of
cone metric spaces with w -distance and proved some fixed point theorems (Definition 0.9)
In 2011, G. A. Dhanorkar and J. N. Salunke [10] , continued the study of fixed points for self
maps on cone metric spaces with w- distance.
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CHAPTER 1
Common Fixed Point Theorem for Two Self Maps in a
Cone Metric Space with o — Distance

1 Introduction

Haung and Zhang [2] generalized the concept of metric Space, replacing the set of real
numbers by an ordered Banach space, and obtained some fixed point theorems for mappings
satisfying different contractive conditions. The metric space with w-distance was introduced
by O. Kada et al [5]. These two concepts were combined together and Cone metric space with
w— distance was introduced by H.Lakzian and F.Arabyani [6], and a fixed point theorem was
proved. Abbas and Jungck [1] proved some common fixed point theorems for weakly
compatible mappings in the setting of cone metric space. D. Ili¢ and Rakoéevi¢ [3], Rezapour
and Hamlbarani [7] also proved some common fixed point theorems on cone metric spaces.
Our objective is to extend these concepts together to establish a common fixed point theorem
for a pair of weakly compatible mappings in cone metric space using w-distance.
Consequently, we improve and generalize various results existing in the literature.

In this paper , we extend results of Sami Ullah Khan and Arjamand Bano [8] and

prove some common fixed point theorem for a pair of weakly compatible mappings in cone

metric spaces using ® — distance on X without using normality in cone metric space.

2 Preliminaries

2.1 Definition: (L.G. Haung and X. Zhang [2])

Let E be a real Branch Space and P a subset of E. The set P is called a cone if
1. Pis closed, non-empty and P # {0 };

2.ab €eR,a,b>0, x,y € Pthenax + by € P;
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3.P N (-P) ={0}

For a given cone P of E ,we define a partial ordering < on E with respect to P by x <y if and
only if y—x € P. We write x <y to indicate that x <y but x #y, while x <<y stands

fory —x € Int P, where Int P denotes the interior of P.

2.2 Definition: (L.G. Haung and X. Zhang [2])

Let E be a real Banach space and P be a cone of E . The cone P is called normal if thereis a
number K > 0 such that for all x,y € E, 0< x< y implies || x|| <K|| y||

The least positive number K satisfying the above inequality is called the normal constant of
P. In the following, we always suppose that E is a real Banach space, P is a cone in E and E is
endowed with the partial ordering induced by P.

2.3 Definition: (L.G. Haung and X. Zhang [2])

Let X be a non-empty set. Suppose that the mapping d: X x X — P satisfies:

a.0<d(x,y) forall x,y € Xandd(x,y)=0ifand onlyifx =vy.

b.d(x,y) =d(y,x) forall x,y € X

c.d(x,y)<d(x,z) +d(y, z) forall x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

2.4 Definition: (L.G. Haung and X. Zhang [2])

Let (X, d) be a cone metric space, {xn} be a sequence in X and x € X.

i. {xn} converges to x if for every ¢ € E with 0 << c, there is an no such that

for all n > no, d(Xn,X) << c. We denote this by lim xn = X0rxn— Xasn— o
N—o0

ii. if for any ¢ € P with 0 << ¢, there is an no such that for all n, m > no,
d( xn, xm) << ¢, then {xn} is called a Cauchy sequence in X.

iii. (X, d) is called a complete cone metric space, if every Cauchy sequence in

14



X is convergent in X.
2.5 Definition: ( H. Lakzian and F. Arabyani [6] )
Let X be a cone metric space with metric d. Then a mapping o : XxX— E is called

o - distance on X if the following conditions are satisfied
1) 0<o(xYy)forallx,yeX;

ii) o(X,2) <ok, Yy) +o(y,z)forallx,y,z € X,
iii) if Xn— X then o( y,Xn ) — o( y,X) and ®(Xn, ¥) — o(X,y)
iv) for any 0 << a, there exists 0 << 3 such that o(z, X) << p and w(z, y) << B imply
dx,y)<<aforalla,p €E ...(2.5.0)
2.6 Definition: ( H. Lakzian and F. Arabyani [6] )
Let X be a cone metric space with metric d, let ® be a ® — distance on X, x € X and
{ xn }a sequence in X. Then {x»} is called a - Cauchy sequence whenever for every
a € E , 0 << a, there is a positive integer N such that, for all m,n > N, ®( Xm,Xn ) << a.
A sequence {xn} in X is called ® — convergent to a point x € X whenever for every
a € E, 0 << g, there is a positive integer N such that for all n > N, o(X,Xn) << a.
(X,d) is a complete cone metric space with ®- distance if every Cauchy Sequence is
o — Convergent.
2.7 Definition: (G. Jungck.and B.E. Rhoades [4])
Let Sand T be self mappings of a set X. If u = Sx = Tx for some x € X, then x is called a
coincidence point of Sand T and u is called a point of coincidence of Sand T.
2.8 Definition: (G. Jungck.and B.E. Rhoades [4])
Two self mappings S and T of a set X are said to be weakly compatible if they commute

at their coincidence point. i.e; if Su = Tu for some u € X, then STu = TSu.

15



2.9 Proposition: (M.Abbas and G. Jungck [1])
Let S and T be weakly compatible self mappings of a set X. If S and T have a unique
point of coincidence, i.e; u = Sx = Tx, then u is the unique common fixed point of S
and T.

2.10 Property: Let (X,d) be a cone metric space. If {xn}, {yn } are sequences in X and

Xn— X and yn — y then d(Xn,yn) — d(X,y).
2.11 Assumption :
Xn — X (ie; d(Xn,X) — 0)and X, <y implies x<y
3 Main Results

3.1 Lemma:
Let {yn} be a sequence in X such that
o( Y n+1,Yn ) <A @( Yn, Yn-1) .(3.1.1)
where 0 < A < 1 then {yn}is a Cauchy Sequence in X. Further, if y» — y asn — o , then
o(yy)=0
Proof : We have by (3.1.1),
o(Yne1Yn ) SAMW(YL, Yo), n=123,...
forn>m,
o(Yn,Ym) < @(Yn, Yn-1) + ©( Yn-1, Yn-2) + ©( Yn-2, Yn-3) + ... + ©( Ym+1, Ym)

< A" o(y1yo) + A" oY1, Yo) + ... + A" (Y1, Yo)

AP #2024+ 207+ A7) oy y0)

= (f_—l)w(YL yo) ..(3.1.2)
—0asm —

Now let 0 <<mn, choose 8 according to ( 2.5.1).
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By (3.1.2), (Y n,ym ) << for m large
Hence o( Yn+1, Ym) <<0 and o( Yn+1, Yn) <<90
Hence d(ym.,yn) <<n by (2.5.1)

Therefore {yn} is a Cauchy Sequence in (X,d)

Since o(Yn+1,Yn) < A" o( Y1, Yo) , n=1,2,...

we get o Ym+k,Ym ) <A™ o( Y1, Yo)

for large m and all k

Hence it converges to y , say.

In (3.1.3) , letting k — oo we get
o(y,Yym) =A™ oy, Yo)

Now lettingm — o, ®(y,Ym) — 0

Hence o(y,y) =0

3.2 Lemma:

If w(x,y)=0andw(y,x)=0 then

(i) w(x,x)=w(y,y)=0and

(if) d(x,y) =0sothatx =y

Proof : Since o(X,X) < o(Xx,y)+ o(y,x) =0

we get o(x,x) = 0. Similarly o(y,y)=0
Also we have o( x,y)=0so thatd(x,y) =0
Hence x=y

3.3 Theorem:

...(3.1.3)

Let (X,d) be a complete cone metric space with ® — distance ®. Let P be a normal cone with

normal constant K on X. Suppose that the mappings S,T : X — X satisfy the following
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conditions :
(i) The range of T contains the range of S and T(X) is a totally ordered closed subspace of X.

(1) o(Sx,Sy) <r [ o(SX, Ty)+o(Sy, TX)+wo(Sx, TX)+w(Sy, Ty)+tmax {o(Tx,Ty),o(Ty,TX)}]
...(3.3.1

wherer € [0,1/7) is a constant. Then S and T have a unique coincidence point in X.

Moreover, if S and T are weakly compatible, then S and T have a unique common fixed
point.
Proof : Let xo € X. Since S(X) is contained in T(X), we choose a point x1 in X such that
S(Xo) = T(x1). Continuing this process we choose xn and Xn+1 in X such that S(xn) = T(Xn+1).
Then o( TXn+1, TXn) = ©(SXn , SXn-1)

< r [ @(SXn, TXn-1)+®(SXn-1, TXn)+@(SXn, TXn)+(SXn-1, TXn-1)+max {&(TXn, TXn-1),®(TXn-1, TXn) }]

=r [ (D(TXn+1,TXn-1)+0)(TXn,TXn)+0)(TXn+1,TXn)“’(D(TXn,TXn-l)“‘l’HZlX{(D(TXn,TXn-]_),
©(TXn-1, TXn)}]

- W( TXn+1, TXn)

< r [ ©(TXn+1, TXn-1)+@(TXn, TXn)+O(TXn+1, TXn)+o(TXn, TXn-1)+max {o(TXn, TXn-1),
©(TXn-1,TXn) }]

Similarly o( TXn , TXn+1)

<r [ (D(TXn+1,TXn-l)+(D(TXn,TXn)+(,O(TXn+1,TXn)+(x)(TXn,TXn-1)+maX{O)(TXn,TXn-l),
®(TXn-1,TXn)}]

~max { o Txnet, Txn) , ©( Txns1, TXn) 3
< T [(TXn+1, TXn-2)+(TXn, TXn) @ (TXn+1, TXn )+ (TXn, TXn-1)+max {&(TXn, TXn-1),0(TXn-1, TXn) }]
< 1 [0(TXn+1,TXn) + ©(TXn, TXn-1) + @(TXn, TXn-1) + ®(TXn-1,TXn) + @(TXn+1, TXn)+

®(Txn, TXn-1)+tmax {®(TXn, TXn-1),0(TXn-1, TXn) }]

Hence an+1 <[ an+1t ant ont ant ane1+ ont on ], where an = max {@(TXn, TXn-1),
(D(TXn-]_,TXn)}

=r[2(ln+1+5(1n]
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(1-2|’) on+t1 < STran

5r
1-2r

) an

On+1 < (

5r

an — 0 (since <1)

1-2r
Hence { Txx } is a Cauchy Sequence in (X,d).

Since T(X) is a totally closed subspace of X, there exists g in T(X) such that Tx, — q
as n — oo,

Cosequently we can find h in X such that T(h) = g. Thus

o( Txn, Sh) = ©(Sxn-1, Sh)
<1 [ o(SXn-1, Th)+o(Sh, Txn-1)+o(SXn-1, TXn1)+o(Sh, Th)+max {@(TXn-1, Th),o(Th, Txn.1)}]
= 1 [ @(Tn, Thy+@W(Sh, TXn.1)+o(TXa, TXn-1)+o(Sh, Thy+max {@(TXn.1, Th),o(Th, Txn.1)}]
On letting n — oo

o(Th, Sh) <r[ o(Th,Thy+te(Sh,Thy+te(Th,Thy+o(Sh, Thy+max {o(Th,Th),o(Th,Th)}]

= 2r ®(Sh,Th)

~ @(Th, Sh)< 2r o(Sh,Th).

Similarly o( Sh, Th) < 2r[ ®(Sh,Th) ]

~ w(Th,Sh) = 0 and o(Sh,Th) = 0

~ Sh=Th (by Lemma3.2)

Hence h is a coincidence point of Sand T

Uniqueness : Suppose that there exists a point u in X such that Su = Tu

So we have o( Tu,Th) = w®(Su,Sh)

< r [ o(Su,Th)+o(Sh, Tu)+o(Su, Tu)+e(Sh, Thy+max {o(Tu,Th),o(Th,Tu)}]

=r [ o(Tu,Th)+o(Th,Tu)+o(Tu,Tu)+w(Th, Th)+max {o(Tu,Th),o(Th,Tu)}]
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~o( Tu,Th) < r [ o(Tu,Th) + o(Th,Tu) + max {o(Tu,Th),o(Th, Tu)}]

Similarly o( Th,Tu) < r [ (Th,Tu) + o(Tu,Th) + max {o(Th,Tu),o(Tu,Th)}]

~ max {o( Tu,Th),o( Th,Tu)} < r [ o(Th,Tu) + o(Tu,Th) + max {(Th,Tu),o(Tu,Th)}]
Suppose o( Tu,Th) < r [ o(Th,Tu) + o(Tu,Th) + @(Tu,Th)}]

so that (1-2r) o( Tu,Th) <r &(Th,Tu)

.~ w(Tu,Th) 5;7 o(Th, Tu)

Similarly  o( Th,Tu) j o(Tu,Th)

7'2
(1-27)2

IA

o(Th,Tu)

» w(Th,Tu) > o(ThTu) (since—->1), a contradiction

~w(Th,Tu)=0
Similarly w(Tu,Th) >> o(Tu,Th) , acontradiction

~ w(Tu,Th) =0

. Tu=Th

Hence h is a unique coincidence point of Sand T.

Now suppose that S and T are weakly compatible.
Then, by Proposition 2.9 , h is the unique common fixed point of S and T.
Assuming that T(X) is totally ordered , the following result of Sami Ullah Khan and
Arjamand Bano [8] follows as a Corollary.
3.4 Corollary: ( Theorem 3.2, Sami Ullah Khan and Arjamand Bano [8])

Let (X,d) be a complete cone metric space with ® — distance . Let P be a normal cone with
normal constant K on X. Suppose that the mappings S,T : X — X satisfy the following
conditions :

(i) The range of T contains the range of S and T(X) is a totally ordered closed subspace of X.
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(i) o(Sx,Sy) <r [ o(Sx,Ty) + ®(Sy,TX) + &o(SX,TX) + &(Sy,Ty) + o(Tx,Ty) ] ...(34.1)
wherer € [0,1/7] is a constant. Then S and T have a unique coincidence point in X.
Moreover, if S and T are weakly compatible, then S and T have a unique common fixed
point.

3.5 Remark:

In theorem 3.3, if T = | x, the identity map on X, then as a consequence of theorem 3.3, we
obtain the following result.
3.6 Corollary:

Let (X,d) be a complete cone metric space with ® — distance ®. Let P be a normal cone
with normal constant K on X. Suppose that the mappings S,T : X — X satisfy the following
conditions :

(i) The range of T contains the range of S and T(X) is a totally ordered closed subspace of X.
(1) ®(Sx,Sy) < r [ o(Sx,y)+o(Sy, X)+o(SX, X)+a(Sy, y)+max {o(X,y),o(y,X)}] ...(3.6.1)
where r € [0,1/7) is a constant. Then S and T have a unique coincidence point in X.

Moreover, if S and T are weakly compatible, then S and T have a unique common fixed

point.
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CHAPTER 2

Fixed Point Theorems for a Self Map in Ordered Cone Metric Space Under

Lattice Ordered c-Distance

1 Introduction

Huang and Zhang [13] introduced the concept of the cone metric space, replacing
the set of real numbers by an ordered Banach space, and they showed some fixed point theorems
of contractive type mappings on cone metric spaces. The Banach contraction principle is the
most celebrated fixed point theorem [6]. Afterward, some various definitions of contractive
mappings were introduced by other researchers and several fixed and common fixed point
theorems were considered in [7, 10, 17, 19, 25]. Then, several fixed and common fixed point
results in cone metric spaces were introduced in [2, 3, 9, 15, 24] and the references contained
therein. Also, the existence of fixed and common fixed points in partially ordered cone metric
spaces was studied in [4, 5, 27]. In 1996, Kada et al. [18] defined the concept of w-distance in
complete metric space. Later, many authors proved some fixed point theorems in complete
metric spaces (see [1, 20, 21, 23]). Also, note that Saadati et al. [26] introduced a probabilistic
version of the w-distance of Kada et al. in a Menger probabilistic metric space. Recently, Cho et
al. [8], and Wang and Guo [29] defined a concept of the c-distance in a cone metric space, which
is a cone version of the w-distance of Kada et al. and proved some fixed point theorems in
ordered cone metric spaces. Sintunavarat et al. [28] generalized the Banach contraction theorem
on c-distance of Cho et al. [8]. Also, Dordevi'c et al. in [12] proved some fixed point and
common fixed point theorems under c-distance for contractive mappings in tvs-cone metric

spaces.

H. Rahimi, G. Soleimani Rad [ 22 ] extended the Banach contraction principle [6]
and Chatterjea contraction theorem [7] on c-distance of Cho et al. [8], and proved some fixed
point and common fixed point theorems in ordered cone metric spaces. In this paper we extend
the results of [22]. Also we introduce the notion of lattice ordered c-distance and prove some
fixed point theorems under a lattice ordered c-distance in ordered cone metric spaces, for a single

function.
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2 Preliminaries
First let us start with some basic definitions
Definition 2.1 ([13])

Let E be a real Banach space and P a subset of E. P is called a cone if

Q) P is closed, non-empty and P # { 0 }
(i) ax + by € P V x,y € P and non-negative real numbers a and b.
(iii) P n (—P) = {0}.
Definition 2.2 ([13])

We define a partial ordering = on E with respectto Pand Pc E by x < y if
and only if y — x € P. We shall write x << y ify — x € int P, int P denotes the interior of P.
We denote by || .|| the norm on E. The cone P is called normal if there is a number K > 0 such
that forall x,y € E, 0 <x <y implies

Il xll < K[yl

The least positive number K satisfying (1.14.1) is called the normal constant of P.
Definition 2.3 ([13])

A cone P is called regular if every increasing sequence which is bounded from
above is convergent. That is, if { x,}n=1 iS @ sequence such that x; <x,<... <y for some y €E,

then there is x € E such that I1i_r)£10||xn —x||=0
Definition 2.4 ([13])
Let X be a nonempty set and E be a real Banach space equipped with

the partial ordering < with respect to the cone P c E. Suppose that the mapping
d: X x X — E satisfies:
(d1)0o<d(x,y) forall x,y e Xandd(x,y)=0ifand onlyifx =vy;
(d2) d(x, y) =d(y, x) for all x, y € X;
(d3) d(x, y) <d(x, z) +d(z, y) for all x, y, z € X.

Then, d is called a cone metric on X and (X,d) is called a cone metric space.
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Definition 2.5 ([13])
Let (X,d) be a cone metric space, {Xn} a sequence in X and x € X.
(1) {xn} converges to x if for every ¢ € E with 0 « c there exists no € N such that
d(Xn, X) < c for all n > no, and we write lim n—.. d(Xn, X) = 0.
(i) {xn} is called a Cauchy sequence if for every ¢ € E with 0 « ¢ there exists no € N such
that d(Xn, Xm) < ¢ for all m,n > no, and we write lim n m—d(Xn, Xm) = 0.
(iii) If every Cauchy sequence in X is convergent, then X is called a complete cone metric
space.

Lemma 2.6 ([13, 24])

Let (X,d) be a cone metric space and P be a normal cone with normal constant k. Also,

let {xn} and {yn} be sequences in X and x, y € X. Then the following hold:
(c1) {xn} converges to x if and only if d(Xn, X) — 0 as n —co.

(c2) If {xn} converges to x and {xn} converges to y, then x = .

(c3) If{xn}converges to x, then{x,}is a Cauchy sequence.

(c4) If Xxn — x and yn — y as n — oo, then d(Xn, Yn) — d(X, y) as n —oo.

(c5) {xn} is a Cauchy sequence if and only if d(Xn, Xm) — 0 as n,m —co.

Lemma 2.7 ([4, 14])

Let E be a real Banach space with a cone P in E. Then, for all u,v,w,c € E, the following hold:
(pl) Ifu<vandv < w, then u < w.

(p2) If 0 <u K cforeachc € intP, thenu=0.

(p3) fu<Aiuwhereu€ Pand 0 <A <1, thenu=0.

(p4) Let xn — 0in E, 0 < xn and 0 « c. Then there exists positive integer no such that x, < ¢
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for each n > no.
(p5) If 0 <u < v and k is a nonnegative real number, then 0 < ku < kv.
(p6) If 0 <un<wvnforallne Nand uy— u,un—uasn—oo, then0 <u<v.

Definition 2.8 ([8, 29])

Let (X,d) be a cone metric space. A function q : XxX — E is called a c-distance on X if

the following are satisfied:

(ql)0<q(x,y) forall x,y € X;

(92) a(x, 2) < q(x, y) +q(y, z) forall x, y, z € X;

(q3) foralln> 1 and x € X, if q(X, yn) < u for some u, then q(X, y) <u whenever {yn} isa
sequence in X converging to a pointy € X;

(g4) for all ¢ € E with 0 < c, there exists e € E with 0 « e such that q(z, X) < e
and q(z, y) < e imply d(x, y) « c.

Remark 2.9 ([8, 29])

Each w-distance q in a metric space (X,d) is a c-distance (with E = R* and P = [0,00)). But the

converse does not hold. Therefore, the c-distance is a generalization of w-distance.

Examples 2.10 ([8, 28, 29])

(1) Let (X,d) be a cone metric space and P be a normal cone. Put q(x, y) = d(x, y) for all
X,y € X. Then q is a c-distance.

(2) Let E=R, X =[0,0) and P = {x € E : x> 0}. Define a mapping d : X xX — E by
d(x,y) =|x—y| for all x, y € X. Then (X, d) is a cone metric space. Define a mapping
q: XxX—>E byq(x,y) =y forall x,y € X. Then q is a ¢ distance.

(3) Let E = Ct r[0,1] with the norm [Ix|I= lIXll+llxll. and consider the cone

P={xe€eE:x(t)>0 on[0,1]}. Also, let X =[0,00) and define a mapping d : XxX — E by
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d(x, y) = |x=y|y forall X,y € X, where y : [0,1] — R such that y(t) = 2t.
Then (X,d) is a cone metric space. Define a mapping q : X x X — E by q(X, y) = (X + y)y
for all x, y € X. Then q is c-distance.
(4) Let (X,d) be a cone metric space and P be a normal cone. Put q(x, y) = d(w, y)
forall x, y € X, where w € X is a fixed point. Then q is a c-distance.
Remark 2.11 ([8, 28, 29])
From Examples 2.10 [1,2,4], we have three important results
(i) Each cone metric d on X with a normal cone is a c-distance g on X.
(i) For c-distance q, q(x, y) = 0 is not necessarily equivalent to x =y for all x,y € X.
(iii) For c-distance q, q(x,y) = q(y,x) does not necessarily hold for all x,y € X.
Lemma 2.12 ([8, 28, 29])

Let (X,d) be a cone metric space and let g be a c-distance on X. Also, let {xn} and {yn}
be sequences in X and x, y, z € X. Suppose that{un}and{vn}are two sequences in P converging to

0. Then the following hold:

(gpl) If q(Xn, y) =< unand g(Xn, z) < vn forn € N, then y = z. Specifically,
ifq(x,y) =0and q(x,z) =0, theny =z.

(ap2) If g(xn, yn) =< un and g(xn, ) < va for n € N, then {yn} converges to z.

(gp3) If g(Xn, Xm) =< un for m > n, then {x,} is a Cauchy sequence in X.

(gp4) If q(y, Xn) < un for n € N, then {xn} is a Cauchy sequence in X.

The following special case of (gp3) plays a crucial role in determining Cauchy sequences, in

Section 3
Lemma 2.13:

In addition to the hypothesis of Lemma 2.12, assume the following :
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LetzeP,0<u <land q(x,,x,)< Uz, Vm =>n.
Then { x,, } is a Cauchy sequence. (~u, =u"z, > 0asn — «)
Definition 2.14 (|4, 8])

Let ( X, <) be a partially ordered set. Two mappings f, g : X — X are said to be

weakly increasing if f x < g fxand g x <fgxhold for all x € X.
Definition 2.15 ([9])

A lattice is a partially ordered set S in which any two elements a,b € S have the
supremum (a U b) and the infimum (a N b). Sometimes we write max { a,b } for (a U b) and
min { a,b } for (a N b).

H. Rahimi, G. Soleimani Rad [ 22 ] proved following theorem.

Theorem 2.16 : ([22] , Theorem 3.1)

Let (X, <) be a partially ordered set and (X,d) be a complete cone metric space. Also,
let g be a c-distance on X and f: X — X be a continuous and non decreasing mapping with
respect to <. Suppose that there exist mappings o.f,y : X — [0,1) such that the following four
conditions hold:

(i) a(fx) < a(x), B(Fx) < B(x) and y(fx) < y(x) for all x € X ... (2.16.1)
(ii) (o + 2B + 2y)(x) < L for all x € X .. (2162)
(iii) for all x,y € X with x <y, q(fx,fy) < a(x)a(x,y) + Bx)ax.fy) +yoaly,x) ... (2.16.3)
(iv) for all xy € X with x <y, q(fy,f) < a(X)a(y.x) + Bx)alfy.x) +yx)alfxy) ... (2.16.4)

If there exists Xo € X such that xo < fxo, then f has a fixed point. Moreover, if fz =z,
then g(z,z) = 0.

Note : In the above theorem a,f,y are functions of Xx. In section 3, we take a,f,y to be

constants so that above (i) becomes obvious.
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3 Main results

In this section , we extend the result of H. Rahimi, G. Soleimani [ 22 ]. Also we
introduce the notion of lattice ordered c-distance and prove some fixed point theorems under a

lattice ordered c-distance in ordered cone metric spaces, for a single function.

Let us introduce the notion of a lattice ordered c-distance in cone metric spaces.

Definition : Suppose (X,d) is a cone metric space and q : X x X — E is a c-distance. Clearly,

the image g ( X x X)) of X x X under q is a subset of P. If the image g ( X x X ) is a lattice in P,
we say that q is a lattice ordered c-distance on X.

Now we state and prove two of our main results with the underlying space X having a
lattice ordered c-distance. This becomes necessary since we consider maximum of three terms in

the control function which we cannot do if the c-distance is not lattice ordered.
Theorem 3.1

Let (X, <) be a partially ordered set and (X, d) be a complete cone metric space. Also,
let g be a lattice ordered c-distance on X and f : X — X be continuous non decreasing mapping

with respect to <. Suppose 1 € [ 0, %2 ) and q satisfies the following conditions :
(M) x<y<zimpliesq(x,y) <q(x,z)and q(y,z) < q(x,2z) Vx,y,z €X ...(3.1.1)

(iNg(fx, fy) < Amax{q(x,¥),q(x, fy), q(y,fx)} if x <y ...(3.1.2)

Suppose there exists Xo € X such that Xo < f Xo. Then f has a fixed point in X.

Moreover, if fz =z, then q(z,z) =0.

Proof: Writexn=fxn1,n=1,23,...

If Xn = Xn+1 fOr some n, then xn = Xn+1 = f Xn SO that xn is a fixed point of f . Now,
suppose that fXo # Xo. Since f'is non decreasing with respect to < and Xo < fXo,
wegetfxo< f2xo=Xx1<X2

In a similar way we can show that x n <X n+1 Vn=0,1,2,...

Here xn=fXxn1=f"xo
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Now, let x =xpand y = x n-1 in (3.1.2), we have
- q (xn: xn+1)
= q (fxn-1, fxn)

= A max{ q (xn—lJ xn)J q (xn—lﬂ fxn)i q (xn' fxn—l)} ( Y Xn-1 < Xn )

A max { q (xn—lr xn)i q (xn—ll xn+1)l q (xnl xn)}

A q (xXp_1,xn41) (from (3.1.1))

< M q (tn-1, %) + q (xn, Xn4a) }

= q (O Xnr1) < (75) q (o, )

=~ By induction ,

q GonXns1) = (750" 1q (g, %) ¥NEN

y) )
Nowa< 1 since 0<A<Y%

~ Bytaking u = 1%1 and z, =q (xp,x,) € P, from Lemma 2.13, we getthat { x,, } isa
Cauchy sequence in X. Since X is complete, there exists a point z € X such that x,, - z as
n — oo. Continuity of f implies that x,,,; = fx,, = fzasn— oo and since the limit of a
sequence is unique, we get that fz = z. Thus, z is a fixed point of f.

since fz=z, q(z,2) =q(fz fz)

< Amax{q (z2),q(zfz),q(zf2)}

rmax{q(zz2),q(z2),q(z2)}

Aq (z2)
= q(z,2z)=0

Theorem 3.2 : Let (X, <) be a partially ordered set and (X,d) be a complete cone metric
space. Also, let g be a lattice ordered c-distance on X and f : X — X be continuous non
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decreasing mapping with respect to < . Suppose A € [ 0, ¥ ) and q satisfies the following

conditions :
(i)x<y<zimpliesq(y,x) <q(z,x)andq(z,y) <q(z,x) Vx,y,z€X ...(3.2.1)
(i) q(fy, fx) < Amax{q(y,x),q(fy,x), q(fx,y)} if x <y ...(32.2)

Suppose there exists xo € X such that xo <f xo. Then f has a fixed point in X.
Moreover, if fz =z, thenq(z,z) =0.
Proof : Asin Theorem 3.1, write xn=f Xn.1, n=1,2,3,...
Then xn < Xn+1 forn=0,1,2,... since f is hon- decreasing
Here X n=fXn1=f"Xo
Now, let X = xn-1and y = x n in (3.1.2), we have
q (Xn+1,Xn)
= q (fxn, fxn-1)

< hmax { q (X, Xn-1), @ (fxn, Xn-1), 4 (f¥n—1,%2)} ( by (3.2.1))

A max { q (xn' xn—l)' q (xn+1' xn—l)' q (xn' xn)}

= A q (Xn41,Xp-1) (from 3.2.1)

IA

M q Conpn %) + q (o xn-1) 3
= q (tner, ) = (75) q Ctny Xna)
=~ By induction ,
q Gonenn) < (50" (xy,%0) forn=123,...
Now = < 1 since 0<2<"%

~ By Lemma 2.13, { x,, } is a Cauchy sequence in X. Since X is complete, there exists a

point z € X such that x,, »zasn — oo. Continuity of f implies that x,,,, = fx,, > fzas
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n — oo sothat fz=z. Thus, z is a fixed point of f.
since fz=z, q(z,2) =q(fz fz)
< Amax{q (z2),q (fz,2),q (fz,2)}
= rmax{q (z,2),q9 (z,2),q (z,2)}
=Aq(z2)
= q(z,2z) =0.

In the following theorem we obtain a condition under which a function may admit unique fixed

point.

Theorem 3.3 : Let (X, <) be a partially ordered set and (X, d) be a complete cone metric
space. Also, let g be a lattice ordered c-distance on X and f : X — X be continuous non

decreasing mapping with respect to < . Suppose A € [ 0, ¥ ) and q satisfies the following

conditions :

(i) x<y<z implies q(xy) <q(x2); q,x) <q(zx) ..(33.1)
9,2) <q(x,2) ; qzy) <q(zx) V xyz€X ...(33.2)

(i) g(fx, fy) < Amax{q(x,y),q(x,fy), qv. fx)} ifx <y ... (33.3)

(i) q(fy, fx) < Amax{q(y,x),q(fy,x), q(fx, )} if x <y -(3.3.4)

Suppose there exists xo € X such that Xo < f xo. Then f has a fixed pointin X and

no two fixed points are comparable. Moreover, if fz =z, then q(z,z) = 0.
Proof : Writexn=fxn1,n=123,...

If Xn = Xn+1 fOr some n, then X, = Xn+1 = f Xn SO that Xn is a fixed point of f . Now, suppose that f

Xo # Xo. Since f is non decreasing with respect to < and Xo < fXo,
wegetfxo< f2xo=Xx1<X2

In a similar way we can show that X n <Xn+1 ¥ n=0,1,2,...
Here xn=fxn1=1"Xo
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Now, let x = xnand y = X n-1 in (3.3.3), we have
 q (Xn, Xn41)
= q (fxn-1, fx3)
samax{q (xn—1,%n), q (n-1, fX0), q G, fxn—1)} (" Xp_1 < %)
=Amax{ q (xn-1,%n), q (Xn-1,%n+1),q (xn, xn)}

= A q (Xp-1,%Xp41) (from 3.3.1)
< Mg (en-1,%n) + q O Xn14) 3
= q (O Xnr1) < (75) q (o, )
=~ By induction ,
q Gn Xnsn) < (35071 q (0, 21)

Similarly, using (3.3.4), we get

q (nt1,%n)
= q (fxn, fxn-1)
s hmax{q (xn, xXn-1),q (f %, Xn-1),q (fxn-1, %)} (~ by (3.2.1))

= A max { q (xnl xn—l): q (xn+1' xn—l): q (xnf xn)}

A q (xn+1rxn—1) (from 3. 2-1)

IA

A { q (xn+1rxn) + q (xn'xn—l) }
A
=q (xn+1rxn) < (E) q (xn: xn—l)

=~ By induction ,
A -
q(xn+1:xn) < (E)n 1q('x11x0) forn:152a35"'

2 )
NOWE< 1 since 0<A<'%
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~ By Lemma 2.11, { x,, } is a Cauchy sequence in X. Since X is complete, there

exists a point z € X such that x, »zasn— o,
~ By continuity of f we get
Xp41 =[x, >fzasn—- oo,
Hence fz=z. Thus, z is a fixed point of f.
Now  q(z,2z) =q(fzf2)
< amax{q(z2),q(zf2),q (2 f2)}
=amax{q (z,2),q(z2),q (z2)}
=2Aq(z,2)
= q(z,2)=0
Uniqueness : Suppose z and z' are two comparable fixed points of fso that fz =z and
fz'=1¢
We may suppose without loss of generality that z < z'
Now q(z,2")
=q (fz,f2)
< wmax{q (z,2"),q (z,fz"),q (Z, fz)} (sincez<z from (3.3.3))

=rmax{q(z,2"),q(z72),q (Z, 2)}

rmax{q (z,2"),q (Z,2)}
v q(z,7) < Amax{q(z,2),q (Z, 2)} ...(3.3.5)

Also q (z',z) =q(fz,fz)

rmax{q (z,2),q (fZ',z),q (fz,z')} (since z<z' from (3.3.4))

amax {q (z,2),q (z,2),q (z,2)}
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Amax {q (Z,2),q (z,2')}

v q(Z,2z) < Amax{q (Z,2),q(z72)} ...(3.3.6)
Suppose max{q (z,z"),q (z,z)} # 0
Then from (3.3.5) and (3.3.6)
max {q (z,z'),q (z',2)} < Amax {q(z',2),q (z,2')}

< max{q (Z,z),q (z,2)} ,acontradiction

Hence max{q (z,2),q (z,z)} =0
Consequently, q (z',z) =0=q (z,2")
z2=17
Hence f cannot have two comparable fixed points.

The following theorem which is an analogue of theorem 3.1, for decreasing functions can be

easily established.

Theorem 3.4 : Let (X,<) be a partially ordered set and (X,d) be a complete cone metric
space. Also, let g be a lattice ordered c-distance on X and f : X — X be continuous non

decreasing mapping with respect to < . Suppose A € [ 0, ¥ ) and q satisfies the following

conditions :
(M) x<y<zimpliesq(x,y) <q(x,z)and q(y,z) <q(x,2z) Vx,y,z € X ...(34.1)
(iNg(fx, fy) < Amax{q(x,¥),q(x fy), q(fx,y)} if x <y ....(3.42)

Suppose there exists xo € X such that xo = f xo. Then f has a fixed point in X.

Moreover and if fz =z, then q(z,z) = 0.

The following theorem which is an analogue of theorem 3.2, for decreasing functions can be

easily established.

Theorem 3.5 : Let (X, <) be a partially ordered set and (X,d) be a complete cone metric

space. Also, let q be a lattice ordered c-distance on X and f : X — X be continuous non
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decreasing mapping with respect to < . Suppose A € [ 0, ¥ ) and q satisfies the following

conditions :
(M) x<y<zimpliesq(y,x) <q(z,x)andq(z,y) < q(z,x) Vx,y,z€X ...(3.5.1)
(iNg(fy, fx) < Amax{q(y,x),q(fy,x), q(v.fx)} if x <y ....(3.5.2)

Suppose there exists xo € X such that xo > f Xo. Then f has a fixed point in X.

Moreover, if fz =z, thenq(z,z) =0.
Now we prove an improved version of theorem 2.16

Theorem 3.6 : Let (X,<) be a partially ordered set and (X,d) be a complete cone metric space.
Also, let g be a c-distance on X and f: X — X be a continuous and non decreasing mapping
with respect to <. Suppose x, € X such that x, < fx,.Writex,, = f"xy, n =

0,1,2, ... Suppose there exist o,B,y with @ + 28 + 2y < 1 (non negative constants) such
that q(xp41,Xm+1) < aq(xn, xpm) + Bq(xn, Xmi1) + ¥q (0, Xns1) ...(3.6.1)

ACmt1, Xne1) < aqm, %) + BG(ms1, Xn) +¥q(Xntq, Xim) ...(3.62)
forn=0,1,2,... and m > n.

Then {x,, } is a Cauchy sequence with limit z (say) and z is a fixed point of f.
Moreover, if fz =z, then q(z,2) = 0.

Proof : Writexn =fxn1,n=1,2,3,...

If Xn = Xn+1 fOr some n, then xn = xn+1 = f Xn SO that xn is a fixed point of f .Now,
suppose that fXo # Xo. Since f is non decreasing with respect to < and Xo < fxo,
weget fxo< f2Xxo=x1<X2

In a similar way we can show that x n < Xn+1 Vn=0,1,2,...

Here x n=fXxn1=f"Xo

Now, let Xn = Xnand Xm = X n+1 in (3.6.1), we have

q(xn+1 an+2) = q(fxn fon+1)
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< aq(xn, Xn+1) + B, Xn12) + ¥q(Xni1, Xns1)
< aq (e, Xn41) + B0 Xni1) + q(Xn41, Xne2)} +
Y{qCeng, xn) + q(oxn, xn11)}
=(a+B+7v)qCn xn41) + B qOni1, Xns2) + ¥ q(Xn41, Xn)
20041, Xne2) S (@ + B +y) Q0 Xnv1) + B q(Xnt1, Xna2) + ¥ (g1, %)
Now q(xp42,Xns1)
=q(fxns1, f2n)
< aq(xnt1,%n) + Bq(xny2,%n) +¥q(Xny1,xne1)  (from (3.6.2))
< aq(Xns1,%n) + B{q(Xns2, Xns1) + qOcnpr, x0)} +
Y{q(Xn+1,x0) + q O, Xp41)}

=(a+p+v)qCnin, xn) + B q(xni2,Xn41) + v q(xn, Xny1)

...(3.6.3)

S 0(nez, Xne1) S @+ B +7Y) qCenin, xXn) + B GOtz Xne1) + ¥ q(X0 Xny1) -(3.6.4)

Combining (3.6.3) and (3.6.4) we get

q(xn+1 'xn+2) + q(xn+2 ,Xn+1) < (a + ﬁ + V){Q(xn' xn+1) + Q(xn+lrxn)}

+B {q(xn+1'xn+2) + q(xn+2'xn+1) + ]’{ Q(xn+1:xn) + Q(xn'xn+1)}

=M< (a+L+Y) A1+ L +y i1 Where

}\'n = q(xn+1 :xn+2) + Q(xn+2 ’ xn+1)

= s(“f}zy)xn.l
A < U A1 ,n=1273,... where u = %ﬁ:y <1

~ By Lemma 2.11, { x,, } is a Cauchy sequence in X. Since X is complete, there
exists a point z € X such that x,, - zasn — oo. Continuity of f implies that
Xn41 = fx, > fzasn - oosothat fz=2z Thus, z is a fixed point of f.
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Since fz=z, q(z,z) =q(fzfz)
< aq(z,z) + Bq(z,z) +yq(z,z)
= (@+B+7)q(z2)
<qzz)(a+f+y<a+28+2y<1)
= q(z,z) =0.
Now we show that theorem 2.16 is a simple consequence of theorem 3.6.

Corollary 3.7 : ( H. Rahimi , G. Soleimani Rad [22], Theorem 3.1)

Let (X,<) be a partially ordered set and (X,d) be a complete cone metric space.
Also, let g be a c-distance on X and f: X — X be a continuous and non decreasing mapping
with respect to <. Suppose that there exist mappings a,B,y : X — [0,1) such that the following

four conditions hold:
(1) a(fx) < a(x), B(x) < B(x) and y(fx) < y(x) for all x € X;

(ii) (o + 2B + 2y)(x) < 1 for all X € X;

(iii) for all x,y € X with x <y, q(fx,fy) < a(x)a(xy) + peJalx.fy) +y(x)aly.fx);

(iv) for all x,y € X with x <y, q(fy,fx) < a(x)q(y,x) + B(x)a(fy,x) + y(x)q(fx,y).

Suppose there exists Xo € X such that xo <fxo. Thenf has a fixed point in X.
Moreover, if fz =z, then q(z,z) = 0.

Proof : Let & = a(xo) , B = B(x0), ¥ = y(x0)

Then take X =Xn, Y =Xm in Theorem 3.6 we get

q(Xn+1, Xme1)

=q(fxn, foxm)

< a(xn)q(xn, xm) + B(xn)q(Xn, fxm) + ¥ (Xn)q(Xom, fx0)

= a(xn )q(‘an xm) + ,B(xn )q(xn' xm+1) + Y(xn )q(xm' xn+1)
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< a(x0)qCxn, Xm) + B(x0 )q(Xn, Xm+1) + ¥ (X0 )q (X Xp41)
(~ a(xn) < a(xo) forn=1,2,3,...)
= q(xn, Xm) + B qOn Xins1) + ¥ 4(Xm, Xn41) -..(37.1)
where a = a(xo), B = B(xo0) and y = y(xo)
Similarly we get  q(X;41, Xn+1)
< aqOon, xn) + B q(Xme1, xn) + ¥ q(Xn4a, Xm) ...(3.7.2)

Combining (3.7.1) and (3.7.2) follows that the hypothesis of Theorem 3.6 is satisfied. Hence

from theorem 3.6 the result follows.

The following theorem establishes a condition for the uniqueness of the fixed point.
Theorem 3.8 : Under the hypothesis of Corollary 3.7, no two fixed points are comparable.
Proof : Suppose z and z" are two comparable fixed points of f sothat fz=z and fz'=7
We may suppose without loss of generality that z < 7'

Now  q(z,2) =q(fzfZ)

<a(2)q(z,2') + B(2)q(z f2') +y(2)q(Z, f2)

=aq(z,2)+Pq(z2)+yq(z,2z) wherea = a(z),p =F(z)y =y (z)

=(@+p)a(zz')+yq(z,2)

~q(z2) <(—%=)q(z,2) ...(3.8.1)

— t1-a-fB
Again q(z',2z) = q (fZ, f2)
<a(2)q(z,z) + B(2)q(fz',2z) +y(2)q(fz2")
=aq(Z,2)+pq(z,2) +vq(z2)

=(a+p)ql,2)+yq(z2)

wq(Z,2) <(—*=)q(z2") ...(3.8.2)

1-a-p
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From (3.8.1) and (3.8.2)

q(z2) (i) az2)

q(zz") =0 (- (==)<1)

1-a—p
similarly q(z,z) =0
q(z,z") =0 = q(Z,2)
Hence z =7
Hence f cannot have two comparable fixed points.
Now the following theorem which differs from Theorem 2.16 in the conditions (2.16.3) and

(2.16.4) compared to (3.9.3) and (3.9.4) (in the last terms) can be easily established.

Theorem 3.9 : Let (X,<) be a partially ordered set and (X,d) be a complete cone metric space.
Also, let g be a c-distance on X and f: X — X be a continuous and non decreasing mapping
with respect to <. Suppose that there exist mappings o,f,y : X — [0,1) such that the following

four conditions hold:

(i) a(fx) < a(x), B(fX) < B(x) and y(fx) < y(x) for all x € X ..(39.1)

(if) (@ + 2 + 2y)(x) < L for all x € X ..(39.2)
(iii) for all x, y € X with x <y, q(fx,fy) < a(x)a(x.y) + Beax.fy) +ry(x)a(fxy) -.-(3.93)
(iv) for all x,y € X with x <y, q(fy,fX) < a(x)a(y.x) + BO)afy.x) + yv(x)a(y.fx) .-(3.94)

If there exists Xo € X such that xo < fXo, then f has a fixed point and no two fixed points are
comparable. Moreover, if fz =z, then q(z,z) = 0.
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CHAPTER 3
Fixed Point Theorems for a Pair of Self Maps
in Ordered Cone Metric Spaces Under Lattice Ordered c-Distance

1 Introduction

Huang and Zhang [13] introduced the concept of the cone metric space, replacing
the set of real numbers by an ordered Banach space, and they showed some fixed point theorems
of contractive type mappings on cone metric spaces. Then, several fixed and common fixed point
results in cone metric spaces were introduced in [2, 3, 9, 15, 24] and the references contained
therein. The Banach contraction principle is the most celebrated fixed point theorem [6].
Afterward, some various definitions of contractive mappings were introduced by other
researchers and several fixed and common fixed point theorems were considered in [7, 10, 17,
19, 25]. Also, the existence of fixed and common fixed points in partially ordered cone metric
spaces was studied in [4, 5, 28]. In 1996, Kada et al. [18] defined the concept of w-distance in
complete metric space and proved some fixed point theorems in complete metric spaces (see [1,
20, 21, 23]). Also Saadati et al. [26] introduced a probabilistic version of the w-distance of Kada
et al. in a Menger probabilistic metric space. Cho et al. [8], and Wang and Guo [30] defined a
concept of the c-distance in a cone metric space, which is a cone version of the w-distance of
Kada et al. and proved some fixed point theorems in ordered cone metric spaces. Sintunavarat et
al. [29] generalized the Banach contraction theorem on c-distance of Cho et al. [8]. Also,
Dordevi'c et al. in [12] proved some fixed point and common fixed point theorems under c-
distance for contractive mappings in tvs-cone metric spaces. H. Rahimi, G. Soleimani Rad [ 22 ]
extended the Banach contraction principle [6] and Chatterjea contraction theorem [7] on c-
distance of Cho et al. [8], and proved some fixed point and common fixed point theorems in
ordered cone metric spaces. Sastry et al. [27] extended the results of [22] . Also they introduced
the notion of lattice ordered c-distance and proved some fixed point theorems under a lattice

ordered c-distance in ordered cone metric spaces, for a single function.

In this paper we extend the results of H. Rahimi & G. Soleimani Rad [22] and
Sastry et al. [ 27] on common fixed points for a pair of self maps.
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2 Preliminaries

First let us start with some basic definitions
Definition 2.1: ([11, 13])

Let E be a real Banach space and 0 denote the zero element in E. A subset P of E is
said to be a cone if

(@) P is closed, non-empty and P # {0};
(b) a,b €R, a,b>0, x,y € P imply that ax + by € P; where R is the real number system
(c)if xePand —x € P, then x=0.

Given acone P c E, we define a partial ordering < with respect to P by x<y &
y—x €P. Weshall write x <y if x<y and X #y. Also, we write X <y ifandonlyif y —x
€ int P (where int P is interior of P). If int P # @, the cone P is called solid. The cone P is
called normal if there is a number k > 0 such that for all X,y € E, 0 < x <y = [Ixll < Kkllyll. The

least positive number satisfying the above is called the normal constant of P.
Definition 2.2: ([13])

Let X be a nonempty set and E be a real Banach space equipped with the partial

ordering < with respect to the cone P c E. Suppose that the mapping d : X x X — E satisfies:
(d1)o<d(x,y)forall x,ye Xandd(x,y)=0ifandonlyifx=y;
(d2) d(x, y) =d(y, x) for all x, y € X;
(d3) d(x, y) <d(x,z) +d(z,y) forall x,y,z € X.
Then, d is called a cone metric on X and (X,d) is called a cone metric space.

Definition 2.3: ([13])

Let (X,d) be a cone metric space, {xn} a sequence in X and x € X. (i) {xn} converges
to x if for every ¢ € E with 0 « c there exists no € N such that d(xn, X) < ¢ for all n > no, and we

write lim n—e d(Xn, X) = 0.
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(i) {xn} is called a Cauchy sequence if for every ¢ € E with 0 « c there exists no € N such that

d(xn, Xm) <« ¢ for all m,n > np, and we write lim ,m—d(Xn, Xm) = 0.
(iii) If every Cauchy sequence in X is convergent, then X is called a complete cone metric space.

Lemma 2.4: ([13, 24])

Let (X,d) be a cone metric space and P be a normal cone with normal constant k. Also,

let {xn} and {yn} be sequences in X and x, y € X. Then the following hold:
(c1) {xn} converges to x if and only if d(X, X) — 0 as n —co.

(c2) If {xn} converges to x and {xn} converges to y, then x =y.

(c3) If{xn}converges to x, then{xn}is a Cauchy sequence.

(c4) If Xn — x and yn — y as n — oo, then d(Xn, Yn) — d(X, y) as n —oo.

(c5) {xn} is a Cauchy sequence if and only if d(xn, Xm) — 0 as n,m —o0.

Lemma 2.5: ([4, 14]) Let E be a real Banach space with a cone P in E. Then, for all u,v,w,c
€ E, the following hold:

(pl) Ifu<vandv < w, then u < w.

(p2) If 0 <u K cforeachceintP, thenu=0.

(p3) If u < Auwhereu € Pand 0 <A <1, thenu=0.

(p4) Let xn — 0 in E, 0 < xn and 0 « c. Then there exists positive integer no such that xn < ¢
for each n > no.

(p5) If 0 < u < v and k is a nonnegative real number, then 0 < ku < kv.

(p6) IfO<un<wvnforallne Nand uy— u, va— vasn —oo,then) < u<vV.

Definition 2.6: ([8, 30])

Let (X,d) be a cone metric space. A function q : XxX — E is called a

c-distance on X if the following are satisfied:
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(@) 0<q(x,y) forall x,y € X;

(@2) q(x, 2) < q(x,y) +q(y, 2) forall x, y, z € X;

(q3) for all n > 1 and x € X, if q(x, yn) < u for some u, then q(x, y) < u whenever {yn} is a

sequence in X converging to a pointy € X;

(g4) for all ¢ € E with 0 « c, there exists e € E with 0 « e such that q(z, x) < e and q(z,y) < e
imply d(x, y) < c.

Remark 2.7: ([8, 30]) Each w-distance q in a metric space (X,d) is a c-distance (with E =
R* and P = [0,00)). But the converse does not hold. Therefore, the c-distance is a generalization

of w-distance.
Examples 2.8: ([8, 29, 30])

(1) Let (X,d) be a cone metric space and P be a normal cone. Put q(x, y) = d(x, y) for all x, y € X.
Then g is a c-distance.

(2) Let E=R, X =[0,0) and P = {x € E : x> 0}. Define a mapping d : X xX — E by

d(x,y) =[x —y| for all x, y € X. Then (X, d) is a cone metric space. Define a mapping

q: XxX —>E byq(x,y) =y forall x,y € X. Then q is a c distance.

(3) Let E = C! g [0,1] with the norm [Ix|I= lIXll+Ilx'll. and consider the cone
P={x€eE:x(t)>0o0n[0,1]}. Also, let X =[0,0) and define a mapping

d: XxX — E by d(x, y) = [x—y|y for all X, y € X, where y : [0,1] — R such that

y(t) = 2t. Then (X,d) is a cone metric space. Define a mapping q : X X X — E by

q(x, y) = (x + y)y for all x, y € X. Then q is c-distance.

(4) Let (X,d) be a cone metric space and P be a normal cone. Put q(x, y) = d(w, y)
forall x, y € X, where w € X is a fixed point. Then q is a c-distance.

Remark 2.9: ([8, 29, 30]) From Examples 2.8 (1,2,4), we have three important
results

(i) Each cone metric d on X with a normal cone is a c-distance q on X.
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(i) For c-distance g, q(x, y) = 0 is not necessarily equivalent to x =y for all x,y € X.
(iii) For c-distance q, q(x,y) = q(y,x) does not necessarily hold for all x,y € X.
Lemma 2.10: ([8, 29, 30])
Let (X,d) be a cone metric space and let g be a c-distance on X. Also, let
{xn} and {yn} be sequences in X and x, y, z € X. Suppose that{un}and{vn}are two
sequences in P converging to 0. Then the following hold:
(gpl) If g(xn, ¥) < unand g(Xn, z) < vnforn € N, theny = z.
Specifically, if q(x,y) =0and q(x, z) =0, theny = z.
(gp2) If g(Xn, Yn) < unand g(xn, z) < va for n € N, then {yn} converges to z.
(gp3) If g(Xn, Xm) < un for m > n, then {x»} is a Cauchy sequence in X.
(gp4) If q(y, xn) < un for n € N, then {xn} is a Cauchy sequence in X.
We use the following special case of (gqp3) in Section 3
Lemma 2.11: [27]
In addition to the hypothesis of Lemma 2.10, assume the following :
Letzo €P,0<u <1land q(x,,%,)< u"z, Vm =n.
Then { x,, } is a Cauchy sequence. (~ u, =u"z, —0asn — o)
Definition 2.12: (|4, 8])
Let ( X, <) be a partially ordered set. Two mappings f, g : X — X are said to be
weakly increasing if fx < g fxand gx < fg xhold for all x € X.
Definition 2.13: ([9])

A lattice is a partially ordered set S in which any two elements a,b € S have the
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supremum (a U b) and the infimum (a N b). Sometimes we write max { a,b } for (a U b) and
min { a,b } for (anb).
Definition 2.14: ([27)

Suppose (X,d) is a cone metric space and g : X x X — E is a c-distance. Clearly, the
image g ( X x X)of X x X under q is a subset of P. If the image
g (X x X)isa lattice in P, we say that q is a lattice ordered c-distance on X.

H. Rahimi, G. Soleimani Rad [ 22 ] proved following theorem.
Theorem 2.15 : ([22], Theorem 3.1)

Let (X, <) be a partially ordered set and (X,d) be a complete cone metric space. Also,
let g be a c-distance on X and f: X — X be a continuous and non decreasing mapping with
respect to <. Suppose that there exist mappings o,B,y : X — [0,1) such that the following four

conditions hold:

(1) a(fX) < a(x), B(fX) < B(X) and y(fx) < y(x) for all x € X;

(i) (o + 2B + 2y)(x) < 1 for all x € X;

(i) for all x,y € X with x <y, q(fx,fy) < a(x)a(x,y) + B(x)q(x,fy) + y(x)q(y,fx);

(iv) for all x,y € X with x <y, q(fy,fx) < a(x)q(y,x) + B(x)q(fy,x) +y(x)q(fx,y).

If there exists xo € X such that xo < fxo, then f has a fixed point. Moreover, if
fz =z, then q(z,z) = 0.

Note : In the above theorem a,f,y are functions of x. In section 3, we take a,f,y to be

constants so that above (i) becomes obvious.
By introducing lattice order on the image of g, the following theorem is proved in [27].

Theorem 2.16 : (Sastry etal. [27], Theorem 3.3)

Let (X, <) be a partially ordered set and (X, d) be a complete cone metric space. Also, let g be a
lattice ordered c-distance on X and f : X — X be continuous non decreasing mapping with

respect to <. Suppose A € [0, %) and q satisfies the following conditions :
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(i) x<y<z implies

a(x,y) <q(x,2); q(y,x) <q(zx) ..(33.1)
q(v,z) <q(x,2) ; q(z,y) <q(z,x) V xy,z€X ...(33.2)
(i) q(fx, fy) < Amax{q(x,y),q(x, fy), qv, fx)} if x <y .. (333)
(i) q(fy, fx) < Amax{q(y,x),q(fy,x), q(fx,y)} if x <y -(3.3.4)

Suppose there exists xo € X such that Xo < f xo. Then f has a fixed pointin X and

no two fixed points are comparable. Moreover, if fz =z, then q(z,z) = 0.
The following theorem is an extension of Theorem 2.15( [22], Theorem 3.1) to a
pair of functions.

Theorem 2.17 : ( Theorem 3.3, [22] )

Let (X, <) be a partially ordered set and (X,d) be a complete cone metric space. Also, let g
be a c-distance on X and f, g : X = X be two continuous and weakly increasing mappings
with respect to <. Suppose that there exist mappings a,B,y : X = [0,1) such that the

following five conditions hold :
(t) a(fx) < ax), B(fx) <B(x) and y(fx) <y(x) forall x € X
(t2) a(gx) < a(x), B(gx) <B(x) and y(gx) <y(x) forallx €X
(t3) (a+ 2B+ 2y)(x) <1forall x €X;
(t4) for all comparable x,y €X,
q(fx,9y) < a(x) q(x,y) + B(x) q(x,gy) + y(x) q(¥, fx)
(ts) for all comparable x,y € X,
q(gy,fx) < a(x) q(y,x) + B(x) q(gy,x) + y(x) q(fx,y)
Then f and g have a common fixed point. Moreover, if fz = gz = z,

then q(z,z) =0.
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Note : In this theorem «, ,y are functions of x. In section 3, we take a, 5,y to be constants

so that (t 1) and (t2) become obvious.
3 Main results

In this section , we extend the results of H. Rahimi, G. Soleimani [ 22 ] and
Sastry et al [27 ], taking q to be a lattice ordered c-distance. We also establish
some more common fixed point theorems under lattice ordered c-distance in ordered cone
metric spaces, for a pair of self maps.

First we are proving the following Lemma :

Lemma 3.1: If q(x,, %1 ) <uq(xp_1,%x,) Vn where 0 < u < 1then {X.} is a

Cauchy sequence in X.

Proof : We observe that g ( x,, , xpeq ) S U™ q(x9,x,) forn=1,2,...
Now let m > n,

q(xn . xXm) < (X, Xp41) + 4 (X1, Xne2 ) + oot @ (X1, X))

S (ptHp™ ™) g (%, X )
I CALIE e
< u'z Wherezoz(ﬁ)Q(onﬁ)

Hence by Lemma 2.11, {x»} is a Cauchy sequence in X.

Now we state and prove two of our main results with the underlying space X having a
lattice ordered c-distance in ordered cone metric spaces, for a pair of self maps. This becomes
necessary since we consider maximum of three terms in the control function which we cannot do

if the c-distance is not lattice ordered.

Theorem 3.2 : Let (X, <) be a partially ordered set and (X,d) be a complete cone metric

space. Also, let g be a lattice ordered c-distance on X and f, g : X — X be two continuous and
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weakly increasing mappings with respect to < . Suppose A € [ 0, %2 ) and q satisfies the

following conditions :

(1) x<y<z implies

a(x,y) <q(x,2); 9, %) < q(zx) ..(32.1)
q(v,z) <q(x,z) ; q(z,y) <q(z,x) V x,y,z€ X ...(3.2.2)
(i) g(fx, gy) < Amax{q(x,¥),q(x,g9y), q(v,fx)} if x <y ... (3.2.3)
(i) q(gx, fy) < Amax{q(x,y),q(x fy), q(v,gx)} if x <y .. (3.24)
Suppose there exists xo € X such that xo < f xo .. (3.2.5)

Then f and g have a common fixed point in X. Moreover, if fz =gz =z, then
q(z,z) = 0.
Proof : Let Xo be as in (3.2.5). We construct the sequence {x»} in X as follows:
Xon+1 = fXon , Xon+2 = QXont1 V n=0,1,2,...
Since f and g are weakly increasing mappings, such that
X1=fxo<gfxo=gxi=xz, Xe=gx1 <fgxi=fxo=xs.
If we continue in this manner, then there exist Xon+1 € X
Xon+1 = fXon < g f Xon = @ Xon+1 = Xon+v2 @Nd Xon+2 € X
Xon+2 = @ Xon+1 < T Qg Xon+1 = Xons2 = Xonez forn=0,1,2,...
Thus, Xt < X< < Xn < Xn+1 < -+~ foralln>1.
That is {xn} is a non decreasing sequence. Since Xzn < Xzn+1 for all n > 1 and by using (3.2.3)
for X = xon and y = xan+1, We have
q(Xon+1, X2n+2) = q( F X2n, g Xon+1)
< Amax { q (xzn, X2n+1), 4 (X2n, 9X2n+1), 4 (2na1, fX2n)}

=Amax{ q (Xan, X2n+1), @ (2, X2n+2), @ (Xont1, Xont1)}
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= A q (Xon, Xona2) (from 3.2.1, X2 < Xons1 < Xonsz )
< Mg Oean X2ne1) + @ (2ng1, Xony2) 3
= q (anin Xans2) < (75) 4 (zn Xoner) (3.2.6)
Similarly, using (3.2.4), we get
q (X2n, X2n+1)
= q (9X2n-1, fX2n)

< Amax{ q (Xzn—1,%2n), ¢ (Xan-1, fX2n), @ (X2n, GX2n—1)} (= by (3.2.4))

Amax{ q (x2n-1,%20), 4 (Xan—1, X2n+1), 4 (2n X2n)}

= L q (xan-1,%2n41) (from (3.2.2))

< M {q (xzn-1,%20) + q (X2p, X241 }

= q (Xzn, X2n41) < (ﬁ) q (X2n-1,X2n) .(3.2.7)

From (3.2.6) and (3.2.7) we get
2
q (xn+11xn+2) S (a) q (xnf xn+1)
=~ By induction ,
2
q (xn+1' xn+2) < ( E )n+1 q (xO ) xl) , N = 071527"'
N0W1/_1—/,L <1 since 0<A<Y%

~ Bytaking u = 1/_1—1 and z, =q (xy,x,) € P, from Lemma 3.1, we get that

{ x,, } is a Cauchy sequence in X. Since X is complete, there exists
apointz € X suchthat x, »zasn— oo.
=~ By continuity of f and g we get

Xpy1=fxp— fz and x4, =g x,41 > Q9ZaSN—> o0,
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Hence fz=zandgz=z.Thus, zis a fixed point of fand g.

Then  q(z,2z) =q(fz,gz)

< xmax{q (z2),q (z.92),q (z,fz)} (by(3.2.3))
=rmax{q (z,2),q (z2),q (z,2)}
=1q(22)
= q(z2)=0

The following theorem which is an analogue of theorem 3.2, for decreasing functions can be
easily established.

Theorem 3.3 : Let (X, <) be a partially ordered set and (X,d) be a complete cone metric
space. Also, let g be a lattice ordered c-distance on X and f, g : X — X be two continuous and

weakly decreasing mappings with respect to < . Suppose A € [ 0, % ) and q satisfies the
following conditions :

(i) x<y<z implies

@) qlx,y) <q(x2); qv,x) <q(zx) ...(3.3.1)
(0)a(y,z) <q(x.2) ; qzy) <q(zx) V x,y,z€X ..(33.2)
(i) q(fx, gy) < Amax{q(x,y),q(x,9y), q(fx,y)} if x <y ... (3.3.3)
(iii) q(gx, fy) < Amax{q(x,y),q(x,fy), qlgx,y)} if x <y .. (3.3.4)

Suppose there exists xo € X such that xo = f xo ...(3.3.5)

Then f and g have a common fixed point in X. Moreover, if fz =gz = z, then
q(z,z) = 0.

Now we prove an improved version of theorem 2.17

Theorem 3.4 : Let (X,<) be a partially ordered set and (X,d) be a complete cone metric space.
Also, let q be a c-distance on X and f , g: X — X be a continuous and non decreasing

mappings with respect to <. Suppose there exists Xo € X such that xo < f xo.
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Define a sequence {xn} by Xon+1="fXon, Xon+2=0gXon+1 ¥V n=0,1,2,... ...(34.1)
Suppose there exist a, B, y with a + 28 + 2y < 1 (non negative constants)
such that
A(Xzn41, X2me2) < @q(X2n, X2me1) + BG (X2, Xome2) + Y4 (Xzme1) X2ne1) ¥V MN
...(3.4.2)
Ad(Xzm+2, X2n+1) < @q(Xame1,X2n) + BG(Xzme2r X2n) + ¥q (X241, X2me1) Y MIN
...(3.4.3)

Then {x,, } is a Cauchy sequence with limit z (say) and z is a common fixed point of f and g.
Moreover, if fz =z, then q(z,2) =0.

Proof : Since f and g are weakly increasing mappings, such that
Xx1=fxo<gfxo=gxi=x, xe=gx1 <fgxi=fx=xa.
If we continue in this manner, then there exist Xon+1 € X
Xon+1 = f Xon < g T Xon = g Xon+1 = Xon+2@Nd X2n+2 € X
Xon+2 = @ Xon+1 < F g Xon+1 = f Xone2 = Xonsa forn=0,1,2,...
Thus, X1 < X0 << Xn < Xn+1 < -+ foralln>1.
That is {xn} is a non decreasing sequence. Since Xon < Xon+1 for all n > 1 and by
Putm=n-1in(3.4.2) & (3.4.3) we get
Ad(X2n+1,X2n)
< aq(Xan, X2n—1) + BG(X2n, X20) + ¥q(X2n—1, X2n41)
< aq(x2n, Xon-1) + B{q(X2n, Xon-1) + q(X2n_1,X20)} +
Y{q(X2n—1, X2n) + q(X2n, X2n41)}
2 Q(ane1, X2n) < aq(xan, Xon—1) + B{q(X2n, Xon—1) + q(Xan-1, X20)} +

Y{q(XZn—l'XZn) + Q(xZn'x2n+1)} (3-4~4)
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Similarly from (3.4.3) we get
A(X2n» Xon41) < @q(Xan_1,%2n) + B{q(2n, Xon-1) + q(X2n-1,X20)} +

Y{q(Xon+1, X2n) + Q20 X2n-1)} ...(3.4.5)

Combining (3.4.4) and (3.4.5) we get
(X241, %20) + A(X2n42, X2n41)
< (a+ 2B + Y){q(x2n x2n-1) + q(X2n—1, X20)} +

Y{a(an+1, X2n) + (20, X2n41)}

= don <(a+ 28 +vy) Aon1 + ¥ hon Where

M =0y, Xpt1) + (X1, Xn) = Aon = 0(X2p, X2n41) + A(X2n41, X2n)

= Aon <( %ﬁjy ) Aon1

Aan < i Aana ,n=123,... ...(3.4.6)

a+2B+y a+B+2y
1-y ' 1-p8

where yu = max{ } <1

Now putm =nin (3.4.2) & (3.4.3) we get
A(xan+1, X2n+2) < @q(Xan, Xan+1) + BG(X2n, Xan+2) + ¥4 (Xant1, Xant1)
< aq(x2n, X2ne1) + B{q(x2n Xan+1) + Q(X2n41, X2n42) }

+ ¥ { q(X2n+1, X2n) + ¥q(X2n Xon41)
~ q(xant1, Xon+2) < aq(Xn, X2ne1) + B {40, X2n41) + qQ(X2n41, X2n42) }

+ ¥ { q(X2n+1, X2n) + ¥q(X2n, Xon41) -..(3.4.7)
Similarly from (3.4.3) we get
q(Xzn42, X2nt1) < aq(Xzns1,X2n) + B { q(Xzns1, X2n) + 4(X2n12, X2n11) }

+ v {q(x2n X2n+1) + ¥q(X2n41, X20) ...(3.4.8)

Combining (3.4.7) and (3.4.8) we get
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q(2nt1,X2ne2) + A(Xzn42, Xan4+1)
< (a+ B+ 2y){qCen xane1) + q(2n41, X20)3 +
BLa(xzn+1, Xan+2) + q(Xant2) Xan+1)}
Aon+1 < (a+ B+ 2y) Aon + B hon+1 Where

M =0, Xpt1) + 041, X0) = Aenet = 0(X2n41, X2n+2) + A(Xon42, Xon+1)

a+p+2y

= Aon+r < ( 15

) 7\42n

Aot < pdon ,n=0,1,2,3,... ...(3.4.9)

a+2f+y a+f+2y
1-y ' 1-B8

where p = max({ } <1

From (3.4.6) & (3.49)weget Ans1 < 1 An VN with p<1
~ An is Cauchy.
Hence by Lemma 3.1, { x,, } is a Cauchy sequence in X. Since X is complete,
there exists a point z € X such that x,, »zasn—- oo.
=~ By continuity of f we get
Xonse1 = f Xop = Tz and xp540 = g Xope1 2 0ZaSN—> .
Hence fz=zandgz=1z.Thus,zis afixed point of fand g.
Suppose that z € X is any point satisfying fz=gz=z
Then q(z,z) =q(fz,g2)

< aq(zz) + Bq(z,9z) +vq(z fz)

aq(z,z) + pq(z,z) + yq(z 2)

(a+B+7v)q(z2)
<qlz,z) (v a+B+y<a+28+2y<1)
= q(z,z) =0
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Now we show that theorem 2.17 is a simple consequence of theorem 3.4.

Corollary 3.5 : (H. Rahimi , G. Soleimani Rad [22], Theorem 3.3)

Let (X,<) be a partially ordered set and (X,d) be a complete cone metric space.
Also, let g be a c-distance on X and f, g : X = X be two continuous and weakly increasing
mappings with respect to <. Suppose that there exist mappings

a,B,y : X = [0,1) such that the following five conditions hold :
(tD) a(fx) < a(x), B(fx) < B(x) and y(fx) <y(x) forallx €X
(t2) a(gx) < a(x), B(gx) < B(x) and y(gx) <y(x) forallx €X

(t3) (a+ 2B+ 2y)(x) <1forallx €X;
(t4) for all comparable x,y € X,
q(fx,gy) < a(x) qx,y) + B(x) q(x, gy) + v(x) q(y, fx) ~(3.5.1)
(t5) for all comparable x,y € X,
q(gy, fx) < a(x) q(y,x) + B(x) q(gy,x) + y(x) q(fx, y) -(3.5.2)
Suppose there exists Xo € X such that Xo < fxo.
Then f and g have a common fixed point. Moreover, if fz = gz =z,
then q(z,z) =0.
Proof.: Let a = a(xo), B = B(x0), ¥ = y(x0)
Then take X =Xzn, Y =Xom+1 in (3.5.1) we get
A(X2n+1, X2m+2)
=d(fx2n, 9%2m+1)
< a(x2n)q(X2n, Xam+1) + B (X2 )q(an, Xoma2) + ¥ (X2n ) (K21, X2n+1)

< a(x9)q(x2n, Xam+1) + B (X0 )q(X2n, Xam+2) + V(X0 )q(Xam+1, X2n+1)

(+ a(x2n) < a(xo) forn=1,2,3,...)
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= a q(Xzn, X2m+1) + B (X2 X2m+2) +V 4(X2mer1, X2n41)
where a = a(xo), B = f(x0) and y = y(xo)
~ Q02n41, Xamez) <
aq(Xan, Xzm+1) + BA(X2n, Xom+2) + ¥4 (X2ma1, Xon+1) ..-(3.5.3)
Similarly from (3.5.2) we get
A(Xzme2, Xzns1) <

aq(Xam+1,%X2n) + BG(Xam2, X2n) + ¥4 (X2n41, X2m+1) ...(3.5.4)

Combining (3.5.3) and (3.5.4) follows that the hypothesis of Theorem 3.4 is satisfied. Hence

from theorem 3.4 the result follows.
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